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Mach cone in a shallow granular fluid
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We study the V-shaped wak®&lach cong formed by a cylindrical rod moving through a thin, vertically
vibrated granular layer. The wake, analogous to a shbgKraulic jump in shallow water, appears for rod
velocitiesvg greater than a critical velocity. We measure the half angteof the wake as a function efz and
layer depthh. The angle satisfies the Mach relation, 8ic/vg, Wherec=\s“g—h, even forh as small as
one-particle diameter.

DOI: 10.1103/PhysRevE.70.060301 PACS nunderd5.70—n, 47.40.Ki, 41.60.Bq, 47.35.

The interactions of a flow with an obstacle have been ahock in a dispersionless gas. Thus, the wake formed in the
test bed for fluid mechanics throughout the past cenftlity  thin granular layer can be described by the usual tools of
For example, measurements on the Von Karman vortex streshock physics.
of flow past a cylinder, the drag force reduction due to tur- Experiment A stainless-steel rod of diameteD
bulence, and shock wave interactions with airplanes continue0.75 mm is inserted into a shallow, vibrofluidized granular
to increase our understanding of fluid mechanics. Experitayer consisting of bronze spheres with a diameter
ments on granular flow past obstacles provide good geom=0.17 mm. The rod moves in a circular path of radius 51
etries to test the emerging hydrodynamic the@@y8 for = mm with a constant speeag in the range 4-30 cm/s.
rapid granular flows. In addition, studying the interaction of The granular layer is vibrofluidized using an apparatus
granular flows and obstacles is important for industrial appli-similar to the one described {i4,15. For each layer depth
cations. Obstacles are often introduced to modify granulah, the peak plate acceleration g.and the nondimensional
flows: paddles are used to mix materials, inserts are added feequencyf”=f\h/g=0.39 are chosen such that the layer is
granular bins to reduce stresses, and pipes are inserted flaidized but remains below the onset of pattef§]. The
chute flows as heat transfer surfa¢ég container is evacuated to less than 4 Pa to reduce air effects

Measurements on experimental and simulated flow field§$17]. The distance from the bottom of the container to the rod
indicate that shocks commonly develop when granular flowss held fixed at 0.B throughout the container oscillation.
interact with obstacle§6,10-13. Shocks form when the We measure the time-averaged height field of the layer
relative velocity between an obstacle and a fluid exceeds thieehind the rod using a laser line technique similar to the one
wave speed in the medium. The shock front is a superposieported in[18]. A thin vertical laser sheetl-mm thick
tion of waves excited as the obstacle moves through thédluminates the granular layer. When the rod passes through
fluid. For a dispersionless Newtonian fluid with a constantthe laser line it triggers a charge-coupled deic€D) cam-
wave speed, the front coalesces into a Mach cone with a haéfra, held at a fixed angle with respect to the flat surface. The

angle given by the Mach relation, camera captures 52 digital images of the laser line separated
in time by 67=2.2 ms(Fig. 1). Forvg=21.5 cm/s, the dis-
o= C tance between line scansuigdéT=0.47 mm. Deviations from
sinfg=—, (1) . N . .
UR a straight laser line indicate the variations of surface height.

. . , , The resulting height field is shown in Fig. 1.

wherec is the wave speed ang, is the obstacle’s velocity. g peight field was averaged over many cycles with the
Experiments and simulations on shocks in granular flowequency of the driving and rod rotation incommensurate.
have not revealed an analogous relationship betwgeand  igh_speed imaging showed that the angle of the shock front
the shock angle. is independent of phase during the driving cycle. The high-

_ We study a phenomenon that is the analog of a compresg,aq images also showed that the oval peak behind the rod
sion shock: the wake that forms behind an obstacle movin Fig. 1) is related to the vibration of the layer during the

on a free surface of a fluid layer. We measure the height field, o

behind a thin rod moving thorough a vertically vibrated ~ rasuits For smallvg, the time-averaged layer remains

granular layer. We find the wake angle follows the MaCheverywhere flat to within our experimental error. Fag

relation(1) and is well described by the shallow water theory e ater than a critical velocity, the height field shows a bow

for fluid flows without surface tension. In this theory, the gpqck strycture: a rapid increase in surface height, analogous

description of the wake is identical to that of a compressiblg, 4 hydraulic jump, develops in front of the rod and extends
downstream in a V-shaped wakiig. 1). The height profile
taken along the dashed line in Figblis shown in the inset

*Electronic address: Patrick.Heil@urz.uni-heidelberg.de of Fig. 2. The increase in height from the flat layer to the
"Electronic address: erin@chaos.utexas.edu maximum upward deflection of the layésh,,,) measured
*Electronic address: swinney@chaos.utexas.edu from the laser line ak=-D/2 directly behind the rod is
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FIG. 1. (Color onling (a) Schematic of the laser line scanning technique used to measure the displacement of the surface created by a
rod moving through a granular layer. A laser light sheet is incident downward onto the granular layer and is imaged by a CCD camera set
at a fixed angle with respect to the surface. The inset shows an image averaged over 400 periods of the rod motion. The location of the laser
line is determined to subpixel accuracy by finding the center of a Gaussian fit to each peak in the vertical slice, as shown irfrée inset
line). (b) Top view of the shock created by the rod, moving to the rightpfgr21.5 cm/s. The location of the maximum layer height, .,
for each scan line is indicated by the dots. A linear fit to the maxiohae line) yields the wake’s asymptotic half angle A surface height
profile taken along the vertical dashed line is shown in the inset of Fig. 2.

shown in Fig. 2. Fovg>c, Ahacincreases linearly with rod this region, but does not extend out into the fluid.
velocity. A fit to the data for a layer depth bf=4d indicates We measure the half angteof the shock with respect to
a critical wave speed=8.4+0.7 cm/q31]. the axis of the rod’s motion as a functionf. We define the
The transition from the subcritical flow without a shock, location of the shock by the maximum of the height field for
to a supercritical flow with a bow shock, is not sharp, aseach line scan. Near the rod the shock is curved; however,
indicated by the rounding of the transition seen in Fig. 2. Aswithin a few rod diameters the shock straightens, creating a
the flow accelerates around the rod, a small supercritical rev-shaped wake with a well-defined half angle. A linear fit
gion develops fowg less than but near. A shock forms in  through the maxima of the asymptotic shock yiellgFig.
1). We find ¢ is described well by the Mach relatigh) for a
[0.4 AR (Mmm) A compressible gas. The linear dependence of the data plotted
0.2 Al P in Fig. 3 indicates a constant surface wave speed. Hor
04} o _ o~ =4d we find c=7.9+0.4 cm/s, which is consistent with the
P critical speed 8.4 cm/s determined from the height measure-
0.2 x5 ment.

Ah,, ... [0.4 e Shallow water theoryOur results can be understood in
(mm) =0 5 10&«:’ terms of a shallow water approximation, similar to the ap-
02l y (mm) proach applied to avalanchg49,2q0 and granular free-

* surface patterng21]. When the depth of a fluid is small
w compared to the other dimensions in the system, one can
> neglect the fluid velocity in the vertical direction compared
"2 ) with the velocity components parallel to the surface. In this
0 et ~foiselevel ... . shallow water approximation, the equations describing the
0 / 10 20 30 motion of a free surface of an incompressible, isothermal
8.4 cm/s Vg (cm/s) fluid in a gravitational field have the same form as the equa-
tions for a compressible gas floi22). In both cases a shock
forms when the relative velocity between the fluid and the
=23 cm/3 as a function ob for a layer depth oh=4d. For small obstacle is greater _than a critﬁcal_ velocity. For waves on a
vg the layer behind the rod remains flat to within experimental{f€€ Surface the critical velocity is the maximum gravita-
accuracy(dotted ling. Above a critical velocity the deflection in- tional wave speed¢=vgh, for long waves without surface
creases linearly withvg (dashed ling The intersection of the tension, and the shock is a discontinuity in height. Our mea-
dashed line with the horizontal axis indicates a nonzero criticasurements for different layer depths yield surface wave
velocity. The noise level was determined by the peak-to-peak oscilspeeds in accordance with the shallow water interpretation
lations in the flat part of the layer. (inset of Fig. 3.

FIG. 2. The maximum upward displacement of the lafx@f,ax
for the line scan ak=-D/2 for (the inset shows a profile farg
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VR (Cm/S) (insed does not extend into the fluid indefinitely, but decays a&

(solid curve, as predicted by the Landau theory. The line in the

FIG. 3. The measured dependence of the half amgtd the log-log plot (insed has slope ~3/2.

shock cone owg is in accordance with the Mach relatiob) (solid

line); the slope of the line yields the wave speedhe inset shows  he width of the shock increases. Setting the areas of shock

the dependence af on the layer deptth. The curve is given by yofiles separated by a timé equal, Landau found that the

shallow water theong=gh. The error includes uncertainty in the \iqth of the shock increases a¥%, wherer is the distance

depth due to leveling of the containénorizontal error bansand from the shock to the axis of motion of the rddset of Fig.

uncertainty in the angle measuremeéwngrtical error barg 4) and the shock intensitv decreases as34 For a shal-

low fluid, Av < VAh, implying Ah should decay as /2 The

olid line in Fig. 4 is a fit taAh,,,, proportional tor=3/,

ConclusionsOur experiments demonstrate that a thin ver-

tically vibrated granular layer is described well by shallow

: , . water theory for a surface-tensionless fluid. We find that a
fluid and travels through the layer, compressing and heatmghoCk forms on the surface when an obstacle’s velocity ex-

the grains. Although the volume fraction can change by &eeds the speed of a gravity waes: \a] The angle of the

factor of 2 and the granular temperature across the shock C&ock cone is determined by thé Mach relation. and the
mqi?sedpy .IW? C?rdbers.ofl m?gn|tuc|[|¢3], thzz gnergg IS damping of the shock follows the scaling derived by Landau
quickly dissipate y inelastic collision$23,24. Our for shocks traveling in a dissipationless fluid. Future experi-

molecular-dynamics simulations for the conditions of our ex- e :
. ents should study the applicability of this model as a func-
periment show that throughout much of the cycle the bulk o ion of layer depth and inelasticity. For deeper layers, the

the layer has an approximately constant density and tempergp o generated when the layer collides with the bottom

ture. The forcing of the plate acts only to fluidize the granu- late may not travel to the top of the layf24], possibly
lar layer and does not play a strong role in the propagation o hanging the behavior '

waves on the surface. We expect the shock front in a shallow The shocks formed in our experiment are an example of

granular layer to be unchanged under different methods fof:erenkov radiation generated by an object traveling through

fluidization. ;

, , a medium faster than the wave phase velo§2g]. Such
. .ShOCk. decaWVe find the grz_anular shock rapujly dec.reasesradiation leads to increased resistaeave drag when a
in intensity as it propagates into the surrounding fluid. The

: critical velocity is exceeded. Future experiments should ex-
decay ofAh,,,, of the shock versus, the distance from the ;
shock to the axis of motion of the rod, is plotted in Fig. 4. amine the dependence of drag og near the onset of the

The functional form of the decay agrees with scaling predic shock because experimerj7,28, simulations[9,11, and

tions by Landay25] for discontinuities in cylindrical sound theory[29,3 disagree on this increase in drag.

waves propagating into a dissipationless fluid. The velocity We thank Jon Bougie, Robert Deegan, W.D. McCormick,
of each point in the shock front can be approximated by Larsson Omberg, Jack Swift, and Paul Umbanhowar for
u=co+(au/ dp)s(povol Co)\ro/T, Wherec, is the wave speed helpful discussions. This research was supported by the En-
of the undistorted front(du/dp)s describes the adiabatic gineering Research Program of the Office of Basic Energy
variation of wave speed with the local density, aryslm Science of the U.S. Department of Energ@yrant No. DE-
accounts for the decrease in the intensity of a cylindricaFG03-93ER1431R2 by The Texas Advanced Research Pro-
wave as it propagates away from its point of origin. Consergram(Grant No. ARP-055-2001and by the Office of Naval
vation of mass requires the area of a shock profile to remaiResearch Quantum Optics Initiatiy&rant No. NO0014-03-
constant as it moves. As the intensity of the shock decaysl-0639.

The agreement with shallow water theory for layer depth
as small as one-particle diameter is surprising. A vibrate
granular layer is highly compressihi&,13]; during each col-
lision with the plate, a shock wave forms in the bulk of the
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